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ABSTRACT

A mass-spring-damper theoretical model with a phenomenological equation is established to clarify the underlying physics of the dynamics
of droplets on a vertical surface driven by vibration. It is found experimentally and theoretically that the phase shift between droplet and
plate appears and peaks at a lower frequency for a larger droplet. At a certain frequency, two droplets could move in the opposite direction.
Based on the phase shift mechanism, we propose a strategy aimed at promoting droplet coalescence. Compared to the necessity of precise
control of frequency for resonance-induced events, the strategy accepts a higher tolerance for frequency, at which opposite-motion-induced
droplet coalescence could occur. The optimal frequency where there is a maximum phase shift between two droplets is derived, and a large-
bandwidth frequency range, which allows at least 90% maximum phase shift, is defined. The good agreement between the experimental and
theoretical results collectively shows that the motion of the larger droplet is in the opposite direction to that of the smaller one only at large-
bandwidth frequency range and the two droplets coalesce with high enough amplitude. Our findings are helpful for the utilization of vibrat-
ing surfaces for droplet removal.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0157591

I. INTRODUCTION

Vapor condensation is critical and common in urban environ-
mental control,1 power generation,2 food processing,3 as well as water
recovery4–6 and treatment.7 Rising energy costs, environmental
impact, and carbon emissions have aroused persistent concerns over
energy conservation in condensation processes. Considering the
important role that vapor condensing plays in industrial processes, a
higher-performance design of vapor condensation would be positive
from both an economic and environmental perspective.

Dropwise condensation (DWC) and filmwise condensation
(FWC) are two common modes of vapor condensation. In DWC, dis-
crete droplets nucleate, grow, and then coalesce on a cool surface. The
extra surface that is not covered by droplets continues to achieve con-
densation. In FWC, the whole surface is covered by a continuous con-
densate film, which causes a rapid increase in thermal resistance. They
could suffer from tenfold lower heat transfer coefficients (HTC) than
in DWC.8 Moreover, reducing the area of the drop-covered surface, as
soon as nucleation begins, is the key to achieving higher overall con-
densation HTC. For DWC on a vertical surface, when the diameter of
a droplet exceeds the capillary length, it can slide off by gravity. This

entrains other droplets during the sliding and refreshes extra conden-
sation surface exposed directly to vapor. Consequently, the key to
enhancing DWC is to accelerate drop removal, which is harder on
randomly oriented surfaces.9

Superhydrophobic surfaces have been developed to promote slid-
ing, detachment, and combination of small droplets.10,11 When two
neighboring drops coalesce, a spontaneous jumping effect due to sur-
face energy release is stimulated.12 This is reported to enhance conden-
sation by an order of magnitude in HTC as compared to DWC on an
ordinary surface.13 Various micro-/nanostructured superhydrophobic
surfaces can be obtained by chemical (etching and oxidation) or
mechanical techniques (additive manufacturing).14 However, the
durability of these surfaces remains an issue, as the structures and
coatings tend to degrade rapidly under high temperature and humidity
conditions as well as scale deposits. Moreover, from the point of view
of condensate nucleation, hydrophobic surfaces require a higher
degree of supersaturation than ordinary surfaces.15 An increase in the
overall performance is thus compromised, as a lower condensation
source temperature is required. Therefore, the active removal of drop-
lets from ordinary surfaces is highly desirable.
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Vibration of the condensation surface is an effective active tech-
nique, which could overcome the above challenges. Droplet deforma-
tion and displacement driven by vibration are key mechanisms for
promoting surface detachment. Depending on the direction, fre-
quency, and amplitude of vibration, droplets behave differently. On a
horizontal surface vibrating along its normal direction, a backward
motion of droplet is observed when the vibration frequency is smaller
than a quarter of the eigen frequency or within a narrow domain
around 1.5 times eigen frequency.16 On a vertical surface vibrating
along its longitudinal axis, if the vibration frequency is equal to the res-
onance frequency of the droplet, a maximal deformation can be
obtained. In addition, if the amplitude of vibration is high, the defor-
mation can overcome the contact angle hysteresis and the contact line
starts to move.17,18 The higher the contact angle, the greater this effect.
Vibration in the transversal direction of the condensation surface also
enhances detachment from superhydrophobic surfaces. As shown in
Figs. 1(b) and 1(c), vertically and horizontally oriented substrates with
superhydrophobic treatment are investigated, respectively, by Moradi
et al.19 and Sun et al.20 They achieved droplet detachment by high-
amplitude vibration at the resonance frequency. Statistical results
show a reduction in the average size of the departing droplet and a sig-
nificant increase (by 8.6) in droplet sliding speed compared to non-
vibrated ones.21 Consequences on the condensation heat transfer
enhancement are noteworthy: Heat transfer rate improves by more
than 70% over the stationary case when longitudinal vibrations at 100
and 200Hz are applied to a vertical hydrophobic surface with contact
angle h¼ 114� 6 4� [Fig. 1(a)].22 A further strategy for promoting the
detachment of droplets of various sizes can be adopted with cyclic var-
iable frequency vibration. Shedding events on a superhydrophobic sur-
face increase by 120% with this strategy.19 The positive effect of
vibration on condensation has also been reported elsewhere.23,24 A
common feature of the above reports is that they are limited to a spe-
cific frequency strongly related to the drop size. This is due to the low

damping effect from the reduced adhesion force between a hydropho-
bic surface and droplets. Careful adjustment of frequency is thus nec-
essary, which also requires a complex power supply and signal
processing system. Moreover, to the best of our knowledge, no litera-
ture studies the merging effect of two neighboring droplets driven by
vibration.

Figure 1 summarizes how our study is distinguished from the
previous ones. The present study aims to experimentally and theoreti-
cally investigate the dynamics of droplet vibration on a vertical surface,
with particular focus on the phase shift between two neighboring
droplets at large-bandwidth frequency. Based on the theoretical model,
we propose an operating strategy to enhance the coalescence of drop-
lets of different sizes to form larger droplets, which are more likely to
fall. This approach is experimentally validated with a device designed
to explore a large frequency spectrum. Advantages of our study
include: ordinary surface without hydrophobic treatment, large band-
width vibration instead of only the resonance frequency.

II. MATERIALS ANDMETHODS
A. Experimental setup

The experimental setup is shown schematically in Fig. 2(a). A
sinusoidal signal is generated by a signal generator (CENTRAD GF
266) and then amplified by a TIRA Analog Amplifier BAA 120. A
vibrator (TIRA TV-51110) is fed by the amplified signal to vibrate a
plate along its vertical axis. The copper plate studied has a contact
angle of about 96� [Fig. 2(b)], as measured by a contact angle system
(KR€USS DSA25B). For visualization, a high-speed camera
(FASTCAM SA3) with a macro lens (Sigma MACRO 105mm F2.8
EX DG OS HSM) records the vibration of droplets on the plate at
10 000 fps (frames per second). The whole system (plate, vibrator, and
high-speed camera) is placed into a humidity-regulated hermetic
chamber. A highly humid environment (98% RH) helps avoid the

FIG. 1. Previous studies and the present study.
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evaporation of droplets. The droplets on the plate are prepared by a
sprayer, and their sizes depend roughly on the number of spraying.

B. Image processing procedure

Image processing is performed using ImageJ25 and MATLAB.26

Figure 2(a) shows the main procedure from raw image to drop mor-
phology analysis. First, sequential images from the high-speed camera
are converted to binary ones after sharpening, contrast conditioning,
and threshold adjustment. This allows to capture the contours of the
droplets. Then, two successive images, where the target droplets are in
their highest and lowest positions, are stacked together. After that, we
get a time-averaged elliptical contour of the target droplet. Finally, the
stacked image containing only the target shape is processed with
MATLAB to get the dimensions of the major (ld1) and minor axes
(ld2). Similarly, the stacking method is used to obtain the length of a
fixed point (lp) on the plate, which gives the vibration amplitude. We
define a dimensionless parameter AR (amplification ratio) to evaluate
the displacement of the center of gravity of the droplet with respect to
the plate:

ARe ¼ ld1 � ld2
lp

: (1)

Depending on the frequency, there is a phase shift ue 2 ½0; p� between
the plate and a droplet. It is calculated from the difference between the
two frames where the plate and the target droplet, respectively, start to
move downward or upward:

ue ¼ 2p
sip � sid
siþ1
d � sid

; (2)

where s represents the sequence of frame, and superscript i represents
the ith cycle. For example, the frames where the droplet and plate
reach the crest are chosen as standard frames. Then, the sequence of

the standard frames for the ith and (iþ 1)th cycle is used to calculate
ue in Eq. (2).

III. PHYSICAL MODEL OF A DROPLET SUBJECTED
TO FORCED VIBRATION

A generally used model to describe the drop-surface movement
is the mass-spring-damper system. Sarkar and Schowalter proposed a
second-order ordinary differential equation (ODE) model to qualita-
tively describe the droplet motion.27,28 We adapt this mass-spring-
damper model to our situation to clarify the underlying mechanism of
vibration-induced droplets motion (in particular, the phase shift
between two droplets and their displacement). The vibrating droplet is
illustrated in Fig. 3(a). We take the centroid of the droplet, without
considering gravity, as the coordinate origin. Hence, in the steady state,
droplets of different diameters have different displacements due to the
influence of gravity. With limited plate displacement and at non-
resonance frequency, the motion is the result of a balance between the
driving force, Fd, the gravitational force, Fg, the restoring force, Fr, and
the shear force when displacement occurs, Fdis. Accordingly, Newton’s
second law of drop movement writes

md
@x2d
@2t

¼ Fd þ Fg þ Fr þ Fdis: (3)

The driving force between the wall and the droplet due to viscosity is a
function of the velocity gradient and is expressed as follows:

Fd ¼ lS[
@u
@y

¼ lS[
d

up � udð Þ; (4)

where d ¼
ffiffiffiffi
2�
xp

q
is the Stokes-layer thickness with � the kinematic viscos-

ity, S[ ¼ pd2
4 is the contact area between the bottom of the droplet and

the plate, l is the dynamic viscosity, ud ¼ @xd
@t is the velocity of the drop-

let, and up ¼ @xp
@t is the velocity of the plate, where xp ¼ Xp sin ð2pfptÞ

FIG. 2. (a) Schematic representation of the experimental setup. (b) Water-plate contact angle.
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is the equation of motion for the plate, with Xp the amplitude of
vibration, m.

The gravitational force is expressed as follows:

Fg ¼ mdg ¼ qVdg: (5)

With a given contact angle h, the volume of the droplet Vd can be
determined as follows:29

Vd ¼ pd3

24
2� 3 cos hþ cos3h

sin3h

� �
; (6)

where d is the diameter of droplet measured according to the image
from the high-speed camera.

The restoring force is calculated from the deformation of a drop-
let and is expressed as follows:30

Fr ¼ � 4cS\h
d2

xd � xpð Þ; (7)

where S\ is the droplet surface area in contact with air at equilibrium
state. It is determined as follows:

S\ ¼ pd2 1� cos hð Þ
2 sin2h

: (8)

In Eq. (7), h is a non-dimensional function depending on the wetting
property of the surface. Celestini and Kofman30 proposed a universal
curve of h according to h (�), expressed by the following equation:

h ¼ �8e�7h3 þ 8e�5h2 � 0:026hþ 2:6589: (9)

With driving frequency closer to the resonance frequency of the droplet
and amplitude being high enough, droplet displacement could occur.
Figure 3(b) shows images of a vibrating droplet without/with displace-
ment. In the case of displacement, two issues are to be corrected in the
model. First, as the amplitude increases, the hypothesis of a sufficiently

weak external force does not hold.30 Second, a shear force is applied to
the droplet due to the relative motion at the droplet–wall interface.
Sellier proposed a formula for the shear force by integrating the wall
shear stress over the whole footprint of the droplet.31 However, the no-
slip condition and the constant droplet profile cannot apply when dis-
placement occurs. Here, we propose a phenomenological equation
expressed like a Gaussian distribution around the resonance frequency.
The shear force due to displacement Fdis is described as follows:

Fdis ¼ � b

e
ffiffiffiffiffi
2p

p e
� fp�frð Þ2

2e2 ud � upð Þ; (10)

where fr is the resonance frequency of the droplet.
The dimensional analysis implies that the units of b and e are

kg/s2 and 1/s, respectively. Therefore, we define b as the additional
tension at the resonant state, which is the product of the mass of the
droplet and the square of its resonance frequency,

b ¼ mdf
2
r : (11)

The parameter e is the standard deviation representing the influence
of the additional tension at resonance. Hence, we define e as the effi-
cient frequency. After fitting experimental results, we found that e can
be expressed as follows:

e ¼ fr
2
: (12)

Substituting Eqs. (4), (5), (7), and (10) in Eq. (3) yields

md
@x2d
@2t

¼ lS[
d

2pfpXp cos 2pfpt
� �� @xd

@t

� �
þmdg

� 4cS\h
d2

xd � b

e
ffiffiffiffiffi
2p

p e
� fp�frð Þ2

2e2
@xd
@t

� 2pfpXp cos 2pfpt
� �� �

:

(13)

FIG. 3. (a) Schematic diagram of the
force on a droplet without/with displace-
ment. (b) Corresponding visualization
images, left: deformation only and right:
deformation þ displacement.
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Equation (13) can be rewritten as follows:

md
@x2d
@2t

þ lS[
d

þ b

e
ffiffiffiffiffi
2p

p e
� fp � fr
� �2
2e2

 !
@xd
@t

þ 4cS\h
d2

xd

¼ mdg þ b

e
ffiffiffiffiffi
2p

p e
� fp � fr
� �2
2e2 þ lS[

d

 !
2pfpXp cos 2pfpt

� �
: (14)

Simplifying the equation, we get

@x2d
@2t

þ 2p
@xd
@t

þ x2
r xd ¼ g þ X0

md
cos xptð Þ; (15)

where the damping ratio p and resonance frequency xr are deter-
mined as follows:

p ¼
lS[ þ bd

e
ffiffiffiffiffi
2p

p e
� fp�frð Þ2

2e2

2dmd
; (16)

xr ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
4cS\h
mdd2

s
: (17)

fr ¼ xr
2p is the resonance frequency in Hz.

A new time-independent parameter, X0, is used to simplify the
above-mentioned expression, as follows:

X0 ¼ b

e
ffiffiffiffiffi
2p

p e
� fp�frð Þ2

2e2 þ lS[
d

 !
2pfpXp: (18)

By solving Eq. (15) with initial conditions udð0Þ ¼ 0 and Frð0Þ
¼ mdg, the analytical solution can be derived as follows:

x tð Þ ¼ xHðtÞ þ xPðtÞ: (19)

In the above-mentioned solution, xHðtÞ ¼ e�pt ½C1 cos ðxr
0tÞ

þC2 sin ðxr
0tÞ� is the homogenous solution with xr

0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

r � p2
p

. It
approaches zero as the steady state achieves and this term could be
neglected.

xPðtÞ ¼ X 0

md

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2xppÞ2þmdðx2

r�x2
pÞ2

p sin ðxpt þ uÞ þ g
x2
r
is the particu-

lar solution representing the steady-state vibration, where Xd

¼ X0

md

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2xppÞ2þmdðx2

r�x2
pÞ2

p is the amplitude of the droplet’s center of

gravity.
Theoretical phase shift ut is determined by the following

equation:

tanut ¼
�2xpp

x2
r � x2

p
: (20)

Theoretical amplification ratio (the ratio of two amplitudes) is calcu-
lated by

ARt ¼ Xd

Xp
¼ ld1 � ld2

lp
¼ 2

ffiffiffi
p

p
fp be

� fp�frð Þ2
2e2 þ lS[

	 

demd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8 xppð Þ2 þ 2md x2

r � x2
p

� �2q : (21)

Finally, another critical parameter useful for droplets merging is the
distance between the two borders (bottom of the upper drop and top

of the lower one). The border positions are roughly calculated by
Xd� d/2 with a circular shape hypothesis.

IV. RESULTS AND DISCUSSION
A. Experimental validation using the dynamic
of single droplets

We begin by investigating the dynamics of individual droplets of
three different sizes (1.00, 1.31, and 1.55mm). Different exciting fre-
quencies from 50 to 250Hz are applied. The natural frequency of the
three droplets is, respectively, 183, 122, and 95Hz, inversely related to
their size. For low frequencies, the motion of droplets is in phase with
the plate due to the relatively higher surface tension (u¼ 0). Then, a
phase shift u starts to appear from a certain frequency (defined as
starting frequency fs). u continues to increase rapidly until the input
frequency reaches a sufficiently high value (defined as inversion fre-
quency fi). Beyond fi, the droplet is completely in the opposite oscilla-
tion compared with the plate (u¼ p). Figure 4(a) shows similar phase
shift trends for the three droplet sizes. For each droplet, the starting
and inversion frequencies, fs and fi, are close before and after their cor-
responding resonance frequency. Comparing experimental and theo-
retical results, the maximum theoretical phase shift ut is slightly
smaller than that found experimentally. This is due to the deformation
of droplet at high frequencies, which is not considered in the theoreti-
cal model. Globally, the way its trend and slope change with the input
frequency, in good agreement with the experiment, validates the theo-
retical approach.

Figure 4(b) shows the amplification ratio of droplets compared
with the plate oscillation amplitude. Both theoretical and experimental
data show peak amplifications at around resonance frequency (183,
122, and 95Hz). Under our conditions, the highest value of AR is
about 6, implying much stronger drop motion than the plate. The
amplification ratio remains higher than 5 at a bandwidth of �10Hz
around the resonance frequency. The high AR at the large-bandwidth
frequency is a valuable condition to achieve drop shedding or coales-
cence. We discuss about it later with two droplets dynamics.

In sum, experimental results fit well with theoretical ones in
terms of amplification ratio and phase shift between single droplets
and plate. Considering the consistency between the theoretical and
experimental data, the theoretical model can be used to predict the
motion of droplets in broader conditions. The following results are
based on the validated theoretical model to study the behavior of
neighboring droplets.

B. A strategy to promote coalescence of adjacent
droplets

Figure 5 is obtained by applying the theoretical model to five
droplet sizes from 1.00 to 1.40mm. As shown in Fig. 5(a), larger drop-
lets are more sensitive to lower frequencies due to their low resonance
frequency. The starting frequency fs and inversion frequency fi are
lower than smaller droplets. An exciting consequence is that at some
specific frequency, a smaller droplet can be almost in phase with the
plate, while a larger one is in the opposite phase. This provides condi-
tion (necessary but not sufficient) for adjacent droplets to merge. In
addition, the slope of the curve rises with the increase in diameter
because the damping ratio p decreases for larger drop sizes.

Figure 5(b) gives the theoretical phase shift between pairs of two
droplets, using the 1.00mm one as a reference. The phase shift
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between two droplets, Du, starts to be significant for larger droplets
who have lower resonance frequencies. Then, Du reaches its peak
value before decreasing at higher frequencies. The frequency corre-
sponding to the peak phase shift is the optimal frequency fopt to pro-
mote drop merging. For smaller droplets that are closer to the
reference size, the phase shift frequency range is narrower. Moreover,
the peak phase shift value decreases: It is (3/4)p for the largest droplets
pair (1.40 and 1mm, near opposite motion), while only (1/3)p for the
pair 1.10 and 1mm. We define the continuous frequency plateau
where at least 90% Dumax is satisfied as bandwidth. For example,
between two droplets (1.10 and 1.40mm), fopt¼ 133Hz. Du around
fopt is a relatively large plateau. The whole range of [121, 146]Hz
allows at least 90% maximum phase shift Dumax. The larger of this
bandwidth corresponds to 612.5Hz or 69.4% fopt. Compared to the
resonance-induced shedding, our technique offers a larger bandwidth
frequency at which two neighboring droplets could coalesce. For
example, Sun et al. investigated the droplet detachment on a superhy-
drophobic surface at resonant vibration.20 At the lowest amplitude, the
frequency range should be kept within 61% of its resonance fre-
quency (<61Hz). Out of this range, the vibration surface should be
amplified by þ10% of the lowest amplitude. The operational band-
width of our study is thus much larger.

To generalize the theory in search of the best operational condi-
tion for different drop sizes, we determine the theoretical optimal

frequency fopt. At this frequency, the phase shift reaches its peak value
Dumax, [c.f. Fig. 5(b)]. Ideally, Dumax between two droplets would
be p, ����arctan �2xoptp

x2
1 � x2

opt
� arctan

�2xoptp

x2
2 � x2

opt

���� ¼ p: (22)

The optimal frequency fopt ¼ xopt=2p can be obtained by

xopt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d1x2

1 þ d2x2
2

d1 þ d2

s
: (23)

The theoretical optimal frequencies of 22 drop size combinations are
given in Fig. 6(a). The corresponding droplet sizes are d12 [1.2, 1.5]
mm and d22 [0.8, 1.4]mm. One take-away message is that the opti-
mal frequency lies between the two resonance frequencies for each
droplet. Furthermore, the phase shift between two droplets (Du) at
the corresponding optimal frequency decreases as the sizes of the two
droplets get similar, as listed in Table I. It is thus difficult to achieve an
absolute opposite movement for droplets with similar sizes. It is worth
noting when d1¼ d2, there is no way to force them into contact by the
proposed vibration technique, since they are strictly in phase whatever
the frequency is.

In addition to Du, we also need a high enough AR to promote
droplets merging. Figure 6(b) shows the spectral distribution of AR for

FIG. 4. Comparisons between theoretical
(Theo.) and experimental (Exp.) results.
(a) Phase shift. (b) Amplification ratio.
Good agreement can be found for large
droplets. For the smallest droplet at
d¼ 1.00 mm, the experimental AR curve
shifts to the right. This is due to the influ-
ence of evaporation during the
experiment.

FIG. 5. (a) Phase shift between droplet
and plate. (b) Phase shift between two
adjacent droplets.
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four typical drop sizes. Peak AR values correspond to the resonance
frequency of one specific drop size and are generally around 6 with
our surface wetting conditions. According to the size combination, the
optimal working frequency will not be at one specific resonance fre-
quency, but in between the two resonance ones. Consequently, the AR
is always lower. Fortunately, the operating frequency can be adjusted
within the 90% optimal frequency range without strong disturbance to
the relative phase shift Du. For instance, Fig. 6(a) indicates that an
optimal frequency between a 1.2mm drop and a 1.5mm one should
be at 118Hz and the corresponding 90% optimal frequency range is
from 108 to 129Hz. At this frequency, Fig. 6(b) gives ARs of around
3.2 and 2.3 for the two droplets, respectively. If we fix the operating
frequency at 108Hz, the two ARs will be 2.4 and 3.9, which holds
greater potential for droplet merging.

Eventually, we can define the scope of application of the strategy
in terms of size limit and frequency limit. The study by Weisensee
et al. points out that water droplets grow mainly via coalescence
instead of direct condensation once their diameter is larger than the
effective transition one at �20lm.32 With the current surface condi-
tion, theoretically it corresponds to a frequency limit of 65 kHz. The

upper limit drop size can be obtained by balancing the gravitational
and surface tension forces.33 The average drop departure size for our
surface is estimated to be �1.60mm. The corresponding frequency
(lower frequency limit) is�90Hz.

C. Application of the new operating strategy

We use a syringe to create droplets with controllable diameters
and relative position. Specifically, a smaller droplet with a diameter of
1.12mm and a larger one with a diameter of 1.39mm are attached to a
plate. They are aligned along the vibrating direction. The relative posi-
tion of them in the x direction is 1.50mm (center-to-center).
Sinusoidal vibrations of different frequencies and amplitudes are
applied to the plate, and the corresponding motions of the two drop-
lets are visualized. Slow-motion videos showing the behaviors of the
two droplets at different frequencies can be found in Fig. 7
(Multimedia view).

The resonance frequencies fr for the two droplets are 154 and
112Hz, respectively. Our theoretical model gives an optimal frequency
fopt at 132Hz and a 90% satisfactory range from 121 to 143Hz.
During the experiment, we adopt three excitation frequencies at 80,
140, and 260Hz. Theoretically, the 140Hz one is within the optimal
range, while 80 and 260Hz would be either too low or too high. For
fp¼ 140 and 260Hz, the amplitude of plate Xp is set to 0.042mm. For
fp¼ 80Hz, the amplitude of the plate Xp is set to 0.085mm. Based on
the amplitude and frequency of the plate, the motion profiles of the
two droplets are given in Fig. 7. We distinguish the upper and lower
limits of each droplet as well as their centers of gravity. The motion of
the plate is also given. For merging purpose, special attention should
be paid to the lowest limit of the upper droplet (larger one in our case)
and the highest point of the bottom droplet (smaller one). The experi-
mental keyframes are inset in the corresponding figures. At fp¼ 80Hz,
the movements of the two droplets are almost synchronous with the
movement of the plate. Therefore, the blank region between the two
droplets indicates that they are in phase and cannot merge. Even if
increasing the amplitude Xp, it has little effect on the blank region. At
fp¼ 260Hz, the responses of the two droplets to the vibration of plate

FIG. 6. (a) The optimal frequency in favor
of droplet coalescence according to drop
size combination. Shaded area shows the
bandwidth around the optimal frequency
satisfying 90% Dumax. (b) The frequency
dependence of amplification ratio (AR) for
different droplets.

TABLE I. Maximum phase shift between two droplets (Dumax) at the corresponding
optimal frequency.

d1 (mm)

d2 (mm) 1.20 1.30 1.40 1.50

0.80 0.82p 0.85p 0.87p 0.89p
0.90 0.75p 0.80p 0.84p 0.86p
1.00 0.63p 0.73p 0.78p 0.82p
1.10 0.40p 0.60p 0.71p 0.77p
1.20 0.38p 0.58p 0.69p
1.30 0.38p 0.34p 0.56p
1.40 0.58p 0.34p 0.34p
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are weak. The blank region still exists due to gentle fluctuation of two
droplets and small phase shift Du.

When fp¼ 140Hz, the two droplets are in totally reversed phase.
The highest point of the smaller droplet and the lowest point of the
larger droplet may come into contact when the plate is near the peak.
The reason is that the larger droplet nearly asynchronous to the plate
moves downward, while the smaller one nearly synchronous to the
plate moves upward. This produces a contrary motion, which brings
them together. Once the two droplets encounter each other, they
merge rapidly and in an irreversible way.34

The process of contact is also observed in the experiment, as
shown in the keyframe in Fig. 7(c). It should be noted that the dashed
line after contact represents the virtual motion because the two drop-
lets coalesce into a new one.

In addition to choosing the right frequency band, high
enough amplitude is also a condition to achieve droplet merging.
Figure 8 (Multimedia view) shows the motion of the two droplets
(xd) driven by the plate (xp) at three different amplitudes. The fre-
quency is fixed and within the optimal frequency band. As illus-
trated, the motion of the larger droplet (drop 1) is nearly opposite
to the plate motion, while the smaller one (drop 2) is nearly syn-
chronous to the plate. This property does not change as long as the
frequency is fixed. At low vibration amplitude Xp¼ 0.022mm, the
responses are so mild that the two droplets remain separated. As
Xp increases to 0.033mm, the minimum distance between the two
droplets reduces significantly, but the two droplets still do not con-
tact. When Xp increases to 0.042mm, their reactions further inten-
sify so that they merge into one droplet spontaneously at the
moment of approaching.

V. CONCLUSION

The dynamics of droplet coalescence driven by vibration on a verti-
cal surface are experimentally and theoretically investigated. A phenome-
nological equation is introduced into a mass-spring-damper theoretical

FIG. 7. Theoretical motion curves of two droplets and experimental keyframes at different frequencies. Shaded region represents the droplet projection on the plate, and dash-
dotted line represents the motion curve of centers of gravity. Red lines represent the motion curve of the plate. Multimedia available online.

FIG. 8. Theoretical motion curve of the two droplets at different excitation
amplitudes from the plate. For drop motion xd, only the close border lines are
shown, i.e., lower limit of drop 1 and upper limit of drop 2. The dashed lines are vir-
tual as merging already occurs. Multimedia available online.
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model to solve two problems: strong external force and additional shear
force due to unpredicted slip of droplet footprint area. The results show
that phase shift u occurs from size-dependent starting frequencies fs to
inversion frequencies fi. This leads to specific optimal frequencies at which
two droplets of different sizes move in opposite directions. Coupled with
a high enough amplitude, these droplets may furtherly coalesce. The
working frequency bandwidth is at the order of610Hz or higher, offer-
ing more chances to promote coalescence of adjacent droplets.

Our findings could be helpful for the coalescence and removal of
droplets. Given the droplets’ size on the vertical surface, the optimal
frequency can be obtained and then the vibration at the large-
bandwidth frequency can be applied on the surface. The droplets coa-
lesce and form a larger droplet, which could detach from the surface.
During the sliding, the droplet entrains other drops, acting as wipers.
Therefore, larger uncovered surface is made available for an intensified
condensation effect. Furthermore, no special hydrophobic require-
ment is necessary for the surface. With certain frequencies applied on
the surface, the droplets of different sizes can coalesce and detach
much easier. Potential applications are promising in condensation
enhancement, window cleaning, photovoltaic panel cleaning, etc.

Although the whole study is based on a vertical surface driven by
sinusoidal vibration, it can be extended to other situations. First, by
simply replacing Fg by Fg¼mdg sin a, the developed model remains
valid for inclined surfaces with an inclination angle a. Second, other
forcing functions, such as triangle, square, or sawtooth, can also induce
droplet coalescence as they can be treated as a series of sinusoidal func-
tions by the Fourier expansion.
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